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Abstract
In this paper, we analyze ramification in the sense of Abbes–Saito of a finite flat group scheme over
the ring of integers of a complete discrete valuation field of mixed characteristic (0,p). We deduce
that its Galois representation depends only on its reduction modulo explicitly computed p-power. We
also give a new proof of a theorem of Fontaine on ramification of a finite flat Galois representation,
and extend it to the case where the residue field may be imperfect.
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1. Introduction
Let K be a complete discrete valuation field, OK its ring of integers, k its residue field
(which may be imperfect) and K¯ its separable closure. For a finite flat OK -algebra A,
Abbes and Saito defined the ramification filtration on HomOK-alg.(A, K¯) [2,3]. If k is per-
fect and A is the ring of integers of a finite Galois extension of K , this ramification filtration
coincides with the classical upper numbering ramification filtration on Gal(K¯/K) [2].
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146 S. Hattori / Journal of Number Theory 118 (2006) 145–154On the other hand, when charK = 0, p = chark > 2 and k is perfect, the Dieudonné
theory gives an anti-equivalence between the category of finite flat group schemes over
OK and the category of some linear-algebraic data [4,7]. The data attached to a finite flat
group scheme G consist of the evaluation of the Dieudonné crystal of the reduction modulo
p of G on some appropriate base, and a filtration on this module. This theory fits well for
the analysis of the closed fiber. However, if e(K) or the torsion order of G is higher, it is
difficult to extract an precise information of the generic fiber using the Dieudonné theory.
The ramification theory has potential to cover this defect and can connect directly the
closed fiber or infinitesimal neighborhoods with the generic fiber Galois representation.
In this paper, after briefly reviewing the Abbes–Saito ramification theory, we calculate the
ramification filtration of monogenic algebras over OK , and determine on which infinites-
imal neighborhood their generic fibers depend. As a corollary, we extend a theorem of
Fontaine [6], which calculates an upper bound of the conductor of a finite flat Galois rep-
resentation, to the case where k may be imperfect. We also give a stronger bound of the
conductor in the case of elliptic curves.
2. Review of the ramification theory of Abbes–Saito
Let π denote a uniformizer of K and GK the absolute Galois group of K . We write v for
the valuation of K with v(π) = 1 and extend it to K¯ . Define a functor F from the category
of finite flat OK -algebras to the category of finite GK -sets by F(A) = HomOK-alg.(A, K¯).
The Abbes–Saito ramification is defined in terms of the separated filtration of F [2, De-
finition 2.3]. In the following, we define this in a slightly generalizing manner from [2]
and [3].
Let n  1 be an integer. For a finite flat OK/πn-algebra A and an integer 1  m 
n, consider a pair of an OK -algebra A formally smooth and formally of finite type over
OK [3] and a surjection (A →A) which induces an isomorphism A/rad(A)  A/rad(A),
where rad means the Jacobson radical. Let J be its kernel. Then we define an OK -algebra
Am by
Am = A
[
J
πm
]∧
= A
[
f
πm
∣∣∣∣ f ∈ J
]∧
,
where ∧ means the π -adic completion, and
AmK =Am ⊗OK K.
TheOK -algebraAm is topologically of finite type overOK and the K-algebraAmK defines
an affinoid variety XmK (A →A).
Let EmbOK/πn(A) denote the category whose objects are such (A → A)’s and mor-
phisms are (idA, f) which make the following diagram commutative:
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For a K-affinoid variety X, put π0(XK¯) = lim←−K ′∈C π0(X ×K K ′), where C is the category
of finite separable extensions of K . Then we define
Fm(A) = lim←−
(A→A)∈EmbOK/πn (A)
π0
(Xm(A →A)K¯).
Exactly as in [3], we can show that the projective system of the right-hand side of the
last equation is constant and Fm defines a functor from the category of finite flat OK/πn-
algebras to the category of finite GK -sets.
For an arbitrary rational number 0 < a  n, we define a functor Fa as follows. Con-
sider a finite separable extension K ′ of K whose ramification index e(K ′/K) satisfies
ae(K ′/K) ∈ N and set Ca to be the full subcategory of C consisting of such extensions. By
abuse of notation, we define
π0
(X a(A →A)K¯)= lim←−
K ′∈Ca
π0
(X ae(K ′/K)
K ′ (A ⊗ˆOK OK ′ →A⊗OK OK ′)
)
for (A →A) ∈ EmbOK/πn(A). For any K ′ ∈ Ca , {L ∈ C | L ⊇ K ′} is a cofinal in Ca . Thus
we have π0(X a(A →A)K¯ ) = π0(X ae(K
′/K)
K ′ (A ⊗ˆOK OK ′ →A⊗OK OK ′)K¯ ′). From this
we deduce that π0(X a(A →A)K¯ ) is a finite GK -set and the projective system is constant.
Then we set
Fa(A) = lim←−
(A→A)∈EmbOK/πn (A)
π0
(X a(A →A)K¯).
This also defines a functor from the category of finite flat OK/πn-algebras to the category
of finite GK -sets and satisfies Fa(A) = Fae(K ′/K)(A⊗OK OK ′) for any finite separable
extension K ′ of K .
In [2] and [3], the functors F and Fa from the category of finite flat OK -algebras to
the category of finite GK -sets are defined for any a ∈ Q>0. The construction is as follows.
Write a = i/j , with i and j positive integers. For a finite flat OK -algebra A, take (A →
A) ∈ EmbOK (A) [3]. Let I be its kernel. Define Aa to be A[I j /πi]∧ and XaK(A → A) to
be the affinoid variety SpAaK . We set
Fa(A) = lim←−
(A→A)∈EmbOK (A)
π0
(
XaK(A → A)K¯
)
.
This is independent of the choice of a representation of a.
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functor of reduction modulo pn and Fa .
Proof. Fix (A → A) ∈ EmbOK (A) and consider A= A/πn. We have J = I + πn. When
a is an integer, two affinoid algebras Aa and Aa are the same by definition and this gives
the desired factorization.
For an arbitrary a, fix K ′ ∈ Ca . Then we have
Fa(A/πn)=Fae(K ′/K)(A/πn ⊗OK OK ′).
From the first part of the proof, we know that this is equal to
Fae(K
′/K)(A ⊗OK OK ′) = Fa(A). 
The set F(A) = HomOK-alg.(A, K¯) can be regarded as a subset of XaK(A → A)(K¯) and
this defines the natural functorial map F(A) → Fa(A). We put c(A) or c(SpecA) to be
inf
(
a ∈ Q>0 | F(A) → Fa(A) is bijective
)
.
The invariant c(A) may be the infinity. When A is of relative complete intersection over
OK and A ⊗OK K is separable, the map F(A) → Fa(A) is surjective [2, Proposition 6.2]
and c(A) is finite. In fact, c(A) is a rational number [2, Proposition 6.4].
Corollary 2. For an integer n > c(A), the finite GK -set HomOK-alg.(A, K¯) depends only
on A ⊗OK/πn. Moreover, if G = SpecA is a finite flat group scheme over OK , then the
GK -module G(K¯) also depends only on the group scheme G ×OK OK/πn.
Proof. By the definition of c(A), the GK -set F(A) is isomorphic to Fn(A), which equals
to Fn(A ⊗OK OK/πn) from Lemma 1. For the second assertion, we note that for finite
flat OK -algebras A and B , we have Fa(A ⊗OK B) = Fa(A) × Fa(B), functorially [1,
Lemme 2.1]. This with the first assertion concludes the proof. 
For later use, we state the following lemma.
Lemma 3. Let G be a finite flat group scheme over SpecOK and S be an fppf G-torsor.
Then c(S) = c(G).
Proof. The scheme S is finite over OK and there is a finite extension K ′ of K such that
S(OK ′) = ∅. Then S ×OK OK ′ is isomorphic to G ×OK OK ′ . This base change just multi-
plies c by the ramification index e(K ′/K). 
3. Ramification of monogenic algebras
Let A be a finite flat monogenic algebra of degree d over OK such that A ⊗OK K is
separable. Fix a presentation OK [T ] → OK [T ]/(f (T )) = A. Let z1, . . . , zd denote the
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roots of f (T ) and put hi(T ) = f (T + zi) =∏j (T − (zj − zi)). We make the following
assumption:
• The Newton polygon of hi(T ) is independent of i.
We write P for this polygon. The vertices of P are denoted by (d1, f1), (d2, f2), . . . ,
(dr−1, fr−1), (dr , fr), where 1 = d1 < d2 < · · · < dr = d and f1 > f2 > · · · > fr = 0.
Set sm = (fm − fm+1)/(dm+1 − dm) and tm = dm+1sm + fm+1. They are respectively the
absolute value of the slope and the y-intersect of the mth side of P (Fig. 1). Put s0 = t0 =
∞, sr = tr = 0, d0 = 0 and dr+1 = d. Then we know [5] that {z ∈ F(A) | v(z − zi) =
sm−1} = dm − dm−1 for each i. We define an equivalence relation ∼s on F(A) for s > 0 by
z ∼s w ⇔ v(z − w) s.
For such a polygon P , set ϕP (s) to be the infimum of t such that a line Y = −sX + t
intersects P . We define the Herbrand function associated to P to be the function s →
ϕP (s).
Theorem 4. For s > 0, we have FϕP (s)(A) = F(A)/∼s . In other words, if tm < a  tm−1,
then Fa(A) = F(A)/∼sm−1 . In particular, we have c(A) = s1 + f1 = supj =i v(zj − zi) +∑
j =i v(zj − zi).
Proof. Consider
(
A = lim←−OK [T ]/
(
f (T )
)n → A) ∈ EmbOK (A)
n
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XaK(A → A)(K¯) =
{
z ∈OK¯ | v
(
f (z)
)
 a
}
.
Take m such that sm < s  sm−1. Then ϕP (s) = dms + fm. If v(y − zj )  s for some j ,
we get
v
(
f (y)
)= ∑
w∼szj
v
(
y − (zj + w − zj )
)+ ∑
wszj
v
(
y − (zj + w − zj )
)
 dms +
∑
m′m
(dm′+1 − dm′)sm′ = dms + fm = ϕP (s).
Thus
X
ϕP (s)
K (A → A)(K¯) ⊇
∐
zj∈Rs
D(zj , s),
where Rs is a complete system of representatives of F(A)/∼s . The disc D(zj , s) is inde-
pendent of the choice of a representative.
Suppose y ∈ XϕP (s)K (A → A)(K¯) and take j such that v(y − zj ) v(y − zi) for any i.
Then we have v(w − zj ) = v((y − zj ) − (y − w)) v(y − w) for w ∈ F(A). Thus
ϕP (s) v
(
f (y)
)

∑
w∼s zj
v(y − w) +
∑
wszj
v(w − zj ) =
∑
w∼s zj
v(y − w) + fm.
Then we get v(y − zj ) (ϕP (s) − fm)/dm = s and
X
ϕP (s)
K (A → A)(K¯) =
∐
zj∈Rs
D(zj , s).
This also shows that the map F(A) → FϕP (s)(A) coincides with the canonical map
F(A) → F(A)/∼s . 
When A = OL for some finite extension L of K , the assumption is satisfied because
zi ’s are conjugate to each other. Moreover, when L/K is a Galois extension, we have
ϕP (s) = e(L/K)(1 + ϕL/K(s − 1)), where ϕL/K is the classical Herbrand function of
L/K .
The assumption is also satisfied when G = SpecA is a group scheme, because the trans-
lation induces a bijection from {zi − zj }i=1,...,d to {zi − zj ′ }i=1,...,d . We may assume that
the zero section of G is given by T = 0. Then P is the Newton polygon of f and we get
Corollary 5. Let G = SpecOK [T ]/(f (T )) be a finite flat monogenic group scheme over
OK such that G ×O K is etale. Assume that the zero section of G is given by T = 0.K
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s > 0, we have
Gϕ(s)(K¯) = Gs(K¯),
where ϕ is the Herbrand function associated to the Newton polygon of f . In particular,
c(G) = v(f ′(0)) + supf (z)=0, z =0 v(z).
Corollary 6. Let K be of mixed characteristic (0,p), Γ be a one-dimensional formal
group over OK and s be the absolute value of the smallest slope of the Newton polygon of
[p](X). Then c(Γ [pn]) = ne + s.
Proof. By Corollary 5, we have c(Γ [pn]) = ne + s1, where s1 = supz =0∈Γ [pn](K¯) v(z).
The subgroup Γ [pn]s1(K¯) contains an element of order p. This means that there exists an
element of Γ [p](K¯) with valuation s1. Then we get s = s1. 
4. An upper bound of the conductor of a finite flat group scheme
Let K be a complete discrete valuation field of mixed characteristic (0,p) and e its
absolute ramification index. In this section, we give a new proof of a theorem of Fontaine
on ramification of a Galois representation of the generic fiber of a finite flat group scheme
over OK [6] and extend it to the case where the residue field F of K may be imperfect.
Theorem 7. Let G be a finite flat group scheme over OK killed by pn. Then c(G) ne +
e/(p − 1).
Proof. Changing a base to a finite extension K ′ of K multiplies both sides of the above
equation by e(K ′/K). Thus we may assume that GK acts trivially on G(K¯) and K  ζpn .
Then G(K¯) is isomorphic to ⊕i=1,...,h Z/pni for some n1, . . . , nh ∈ N. Thus the minimal
prolongation [8] M of G(K¯) is isomorphic to ⊕i=1,...,h μpni and we have a homomor-
phism G→M which induces the identity map on the generic fiber. Both G and M are of
relative complete intersection over OK [4, Proposition 2.2.2] and we have a commutative
diagram
G(K¯) F a(G)
M(K¯) F a(M)
where the horizontal arrows are surjective. Therefore, the right vertical arrow is also sur-
jective and we have c(G) c(M) c(μpn). The last invariant is equal to ne + e/(p − 1)
by Corollary 6. 
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Corollary 8. Let G and G′ be finite flat group schemes over OK and N > ne + e/(p − 1)
be an integer. If G×OK OK/πN is isomorphic to G′ ×OK OK/πN as a group scheme over
OK/πN , then G(K¯) is isomorphic to G′(K¯) as a GK -module.
Corollary 9. Let GaK be the ath upper numbering ramification group of K in the sense of
Abbes–Saito [2, Definition 3.4]. Then GaK acts trivially on G(K¯) for a > ne + e/(p − 1).
Proof. First we note that Fa(OL) = HomK-alg.(L, K¯)/GaK for any finite separable exten-
sion L/K [2, Proposition 2.1]. In particular, a > c(OL) if and only if GaK acts trivially on
HomK-alg.(L, K¯).
Write G ×OK K as
∐
SpecLi , where Li is a finite separable extension of K . Then
we see that c(
∏OLi )  c(G) by the same argument in the proof of Theorem 7. Now the
corollary follows from the theorem. 
Remark 10. When the residue field k is perfect, the ramification group GaK coincides
with Ga−1cl , the (a − 1)-st classical upper numbering ramification group of K [2, Proposi-
tion 3.7]. Thus we reproved a theorem of Fontaine [6, Théorème A].
5. Ramification of elliptic curves
Let K be a complete discrete valuation field of mixed characteristic (0,p). In this
section, we calculate ramification of elliptic curves over OK . Let e denote the absolute
ramification index of K .
Let E be an elliptic curve with supersingular reduction over OK . Let cp be the pth
coefficient of multiplication p formula [p](X) of the formal completion of E along the
origin and put f = v(cp). We say E is fake ordinary if pe/(p + 1) > f and truly super-
singular, otherwise. In other words, E is fake ordinary (respectively truly supersingular)
if and only if the Newton polygon of [p](X) is as the left (respectively right) one of the
graphs in Fig. 2 [9].
Fig. 2.
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c
(
E
[
pn
])=
⎧⎪⎪⎨
⎪⎪⎩
ne + e
p−1 if E is ordinary,
ne + e−f
p−1 if E is fake ordinary,
ne + e
p2−1 if E is truly supersingular.
Proof. Suppose that E has ordinary reduction. After a base change from K to a finite
unramified extension, we may identify E[pn] as an OK -scheme with a disjoint union of
μpn -torsors. By Lemma 3 and Corollary 6, we have c(E[pn]) = c(μpn) = ne+ e/(p− 1).
When E has supersingular reduction, the assertion follows from Corollary 6, applied to
the formal completion of E. 
This theorem with Corollaries 2 and 8 leads us to the assertion below.
Corollary 12. Let A, A′ be abelian schemes over OK . Take an integer N strictly bigger
than ⎧⎪⎪⎨
⎪⎪⎩
ne + e
p−1 if dimA > 1 or A is an ordinary elliptic curve,
ne + e−f
p−1 if A is a fake ordinary elliptic curve,
ne + e
p2−1 if A is a truly supersingular elliptic curve.
If A ⊗ OK/πN and A′ ⊗ OK/πN are isomorphic, then GK -modules A[pn](K¯) and
A′[pn](K¯) are isomorphic.
Remark 13. Let K be as above and suppose F is separably closed. The groupO×K/(O×K)p
n
can be identified with Ext1f l(Z/pn,μpn), the ext group classifying extensions of Z/pn
by μpn as finite flat group schemes over OK . We can easily show that (O×K)p
n
contains
1 + πtOK if and only if t > ne + e/(p − 1) when p − 1  e, and t  ne + e/(p − 1)
when p − 1 | e. This roughly means that, when E has ordinary good reduction, c(E[pn])
gives the infimum of an integer m such that an IK -module E[pn](K¯) depends only on
E ×OK OK/pm.
Acknowledgments
It is a great pleasure to thank the author’s thesis advisor, Takeshi Saito for his help,
encouragements and persevering instructions. The author also thanks Christophe Breuil
and Yuichiro Taguchi for their helpful comments.
References
[1] A. Abbes, A. Mokrane, Sous-groupes canoniques et cycles évanescents p-adiques pour les variétés abéli-
ennes, Publ. Math. Inst. Hautes Études Sci. 99 (2004) 117–162.
154 S. Hattori / Journal of Number Theory 118 (2006) 145–154[2] A. Abbes, T. Saito, Ramification of local fields with imperfect residue fields I, Amer. J. Math. 124 (2002)
879–920.
[3] A. Abbes, T. Saito, Ramification of local fields with imperfect residue fields II, Doc. Math. (Extra volume:
Kazuya Kato’s Fiftieth Birthday) (2003) 5–72.
[4] C. Breuil, Groupes p-divisibles, groupes finis et modules filtrés, Ann. of Math. (2) 152 (2000) 489–549.
[5] F. Bruhat, Lectures on some aspects of p-adic analysis, Tata Lecture Note, 1963.
[6] J.-M. Fontaine, Il n’y a pas de variété abélienne sur Z, Invent. Math. 81 (3) (1985) 515–538.
[7] J.-M. Fontaine, G. Laffaille, Construction de représentations p-adiques, Ann. Sci. École Norm. Sup. (4) 15 (4)
(1982) 547–608.
[8] M. Raynaud, Schémas en groupes de type (p, . . . ,p), Bull. Soc. Math. France 102 (1974) 241–280.
[9] J.-P. Serre, Propriétés galoisiennes des points d’ordre fini des courbes elliptiques, Invent. Math. 15 (4) (1972)
259–331.
